Abstract-Energy storage systems are flexible resources that accommodate and mitigate variability and uncertainty in the load and generation of modern power systems. We present a stochastic optimization approach for sizing and scheduling an energy storage system (ESS) for behind-the-meter use. Specifically, we investigate the use of an ESS with a solar photovoltaic (PV) system and a generator in islanded operation tasked with balancing a critical load. The load and PV generation are uncertain and variable, so forecasts of these variables are used to determine the required energy capacity of the ESS as well as the schedule for operating the ESS and the generator. When the forecasting uncertainties can be fit to normal distributions, the probabilistic load balancing constraint can be reformulated as a linear inequality constraint, and the resulting optimization problem can be solved as a linear program. Finally, we present results from a case study considering the balancing of the critical load of a water treatment plant in islanded operation.
I. INTRODUCTION
Given the susceptibility of today's power grid to numerous contingencies, such as severe weather events, cyber attacks, and uncertain renewable generation, the need for a resilient power grid is apparent. Energy storage is quickly becoming a viable and effective resource for many grid applications, including increasing resilience at every level of the grid from transmission to distribution and even behind-the-meter. With the increasing presence of energy storage in the grid, numerous energy management and optimization methods for grid energy storage have been developed [1] .
One specific application for an energy storage system (ESS) is to accommodate the large amount of variability and uncertainty associated with renewable generation as well as with loads. Taking into account load and generation uncertainty is imperative as mismatch between forecasts and realized power can result in excessive operating costs due to the commitment of costly reserve units, penalty costs for curtailing demand, unnecessary investment in an oversized ESS, or the lack of required power in a critical situation. Thus, correctly sizing an ESS for a particular location or application considering load and generation uncertainty is an important problem.
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tery storage is given in [2] . Sizing storage by minimizing the cost of electricity purchased from the grid while maintaining load balance with deterministic PV generation is studied in [3] . In [4] , the optimal size and usage of storage is determined while considering stochastic wind forecast errors. Other work focusing on both economic considerations as well as stochastic load and renewable generation include [5] - [7] . Related work in the microgrid literature investigates approaches for unit commitment, economic dispatch, and similar problems considering uncertainty in load and renewable generation forecasts [8] - [10] and demand response [11] . A survey on stochastic optimization in microgrids is given in [12] .
In this work, we consider the task of sizing and scheduling behind-the-meter resources in islanded operation for balancing a critical load (a fraction of the total load), for instance, after a grid contingency. The behind-the-meter resources include an ESS, a generator, and a PV system. The critical load and the PV generation are variable and must be forecasted, and the forecasting errors are random variables. To find the optimal size of the ESS and schedule for the ESS and generator, we solve a stochastic optimization, which includes a probabilistic constraint requiring that, with a certain probability, the critical load is balanced. If the forecasting errors are normally distributed random variables, the probabilistic constraint can be formulated as a deterministic linear inequality constraint, and the optimization problem can be formulated as a linear program and solved efficiently. Finally, we perform a case study involving the islanded operation of behind-the-meter resources at a water treatment plant. Two years of historical data are used to derive forecasts for the load and PV generation, and the stochastic optimization is solved to determine the optimal energy capacity of the ESS as well as the energy supplied by a generator in order to balance the critical load for one week.
The remainder of the paper is organized as follows. The problem is formulated and models and forecasts are given in Section II. The stochastic optimization problem is formulated in Section III, and a numerical case study is presented in Section IV. Finally, conclusions and future work are given in Section V.
II. PROBLEM FORMULATION
The objective in this work is to formulate an approach for determining the optimal size of a behind-the-meter ESS and generator, as well as operating schedules, in order to balance a critical load. The only other generation comes from a PV system, and only forecasts of the stochastic load and PV generation are available. Therefore, a stochastic optimization approach must be formulated. To do this, we first present models for the ESS and PV system as well as a method for forecasting load and generation.
A. Energy Storage Model
We use the following discrete-time linear state-of-charge (SOC) model for the ESS [1] 
where S t is the SOC (in units of energy) of the ESS at time t, γ s is the storage efficiency, γ c is the conversion (or roundtrip) efficiency, P c t and P d t are the power charge and discharge commands at time t, respectively, and h is the time step. Instead of using a single efficiency γ c , separate charging and discharging efficiencies may be equivalently used [1] .
B. PV generation model
We use a simple PV generation model given as
where P PV t is the power generated from the PV system at time t, γ PV is the efficiency of each PV panel, γ conv is the conversion efficiency of the PV system, A PV is the total coverage area of solar panels (in m 2 ), and φ t is the Global Horizontal Irradiance (GHI) value (in kW/m 2 ) at time t. This generation is uncertain due to the stochastic nature of the GHI, which varies from hour to hour and day to day.
C. Forecasting Load and Generation
Similar to [6] , [8] , we express load and PV generation as
respectively, whereP load t andP PV t are the critical load and PV forecasts at time t, respectively, and ∆P load t and ∆P PV t are the forecasting errors. These errors depend on the forecasting method and horizon and, because of the uncertainty in the forecasts, are considered to be random variables. We assume the probability distributions of these errors can be approximated with zero-mean normal distributions, as is common in the literature [6] , [8] , [9] . The quality of this approximation can be checked with, e.g., a Jarque-Bera test [13] . Then the probability distributions for the critical load and PV generation are given as
where σ load and σ PV are the standard deviations of the critical load and PV forecast errors at time t, respectively.
Considering PV generation as a negative load, we can write the net load at time t as
The net load is positive when the load exceeds the PV generation and is negative when the PV system generates more power than the load at that time. Similarly, the forecast of the net load at time t is given aŝ
Then, the probability distribution of the net load at time t is
where σ net t is the standard deviation of the net load forecasting error at time t and can be computed as σ
D. Load Balancing
Given forecasts for the critical load and PV generation, the objective is to use the ESS to balance the critical load. Then the balanced power at time t is
and we would like to find values for P ≤ 0 for all times t. At times it simply may not be possible to balance the critical load with PV generation and a reasonably sized ESS alone, especially when PV generation is minimal, such as in Winter. At these times, an additional generator may be required so that the ESS does not need to be unreasonably large. Including power from a generator, the balanced power becomes
and the goal is to find values for P 
III. STOCHASTIC OPTIMIZATION
We formulate a stochastic optimization approach for finding the minimum required energy capacity of the ESS and the energy required from the generator to balance a critical load over a desired time horizon. The optimization results in optimal values of the charge, discharge, and generator commands, P c t , P d t , and P g t , respectively, for all times t in the sequence T := {1, 2, . . . , T }, where T is the optimization time horizon.
The following constraints are required when formulating the optimization problem:
The first constraint, (1a) ensures that the energy capacity of the ESS is nonnegative. The next constraint (1b) ensures that the sum of the power provided by the generator at each time step in the optimization horizon does not exceed the total energy provided by the generator, S gen . The next three constraints, (1c), (1d), and (1e) ensure that the power charged and discharged from the ESS are nonnegative and do not exceed the ESS power rating. Similarly, constraint (1f) ensures the power provided by the generator is nonnegative and does not exceed the generator's power rating. Finally, constraint (1g) ensures that the SOC of the ESS is nonnegative and is less than or equal to its energy capacity. An additional constraint is required to ensure that the critical load is balanced. This is a probabilistic constraint that, given forecasts of the load and PV generation, requires the amount of power provided by the ESS and the generator to be at least as much as the net power with some probability. Specifically, we desire the value of P net t + P c t − P d t − P g t to be nonpositive (meaning the load is successfully balanced) with probability α. This can be written as the following probabilistic constraint:
This constraint is similar to the probabilistic constraints (or chance constraints) considered in [4] , [6] . In some special cases, such as when forecasting errors are normally distributed, we can reformulate constraint (2) to be f (P
where the function f (·) depends on the probability distributions of the load and PV forecasting errors. We discuss this further in the case study in Section IV. Now that the constraints have been formulated, we can write the stochastic optimization that we would like to solve as
subject to (1), (2), where w 1 and w 2 are scalar parameters chosen to weight the value of the energy capacity and the energy provided by the generator, respectively, in the cost function. The decision variables are the charge and discharge sequences P c := {P Remark. Up/down time constraints for the generator are not considered for two main reasons: 1) If the size of the generator considered is relatively small, the up/down times may be negligible; 2) the weights w 1 and w 2 in (3) can be chosen to produce results for which up/down constraints are implicitly satisfied.
IV. CASE STUDY
This case study investigates sizing and scheduling behindthe-meter resources for balancing critical load of a water treatment plant when a grid contingency causes the resources to be islanded for one week. The resources include a PV system, an ESS, and a generator with the parameters given in Table I . The objective is to schedule the charging and discharging of the ESS as well as the generation from the generator in order to minimize the required energy capacity of the ESS and the energy provided by the generator while balancing the critical load, which we assume is 10% of the total load, for one week. We use real load data from a water treatment plant in New Mexico, USA as well as real GHI from the same location (obtained using PVWatts [14] ) from June 2015 to June 2017 in order to derive forecasts for the load and PV generation. These forecasts are used in solving the optimization (3) for two separate weeks in 2016, and the results are verified with the real data from those weeks.
The load and PV generation forecasts considered are naive and simply involve fitting the two years of historical data to normal distributions for each hour in the day and each of the four seasons in the year. We consider the months of December through February to be Winter, March through May to be Spring, June through August to be Summer, and September through November to be Fall. This results in 96 different forecasts to use depending on the hour of the day and season of the year. Then we use the mean and standard deviations of those normal distributions as the statistics for the forecasts. Specifically,
where µ Because the forecasting errors have normal probability distributions, we are able to formulate the probabilistic constraint (2) as a function of the net load, the decision variables P c , P d , and P g , and the desired α. This function is given by
where erf(·) denotes the error function,P net t denotes the net load forecast, i.e., µ load t − µ PV t , and ∆P net t denotes the standard deviation of the net load forecasting error at time t, i.e., σ
. Then the optimization (3) can be solved as a deterministic linear program, which we formulate and solve numerically with CVX in MATLAB [15] .
We present results for two different weeks in 2016. The first week is May 28 to June 3, and the second week is August 28 to September 3. These weeks were chosen in order to utilize two seasonal forecasts within each week: the Spring and Summer forecasts in the first week, and the Summer and Fall forecasts in the second week. The time step h is one hour, and the time horizon is 168 (the number of hours in a week). Figure 1 shows the 24-hour forecasts of the net load used for each of the four seasons. The true net load for the two weeks considered can be seen as red dashed lines in Figures 3 and 6 . Table II gives the results of solving optimization (3) with the parameter values given in Table I and the forecasts shown in Figure 2 shows the charging, discharging, and generation schedules for the week. As there is slightly lower net load forecasted in June (Summer forecast) than in May (Spring forecast), the ESS performs more charging and discharging the last three days, and the generator is used slightly more during the first four days. Figure 3 shows the net load from the real data for that week and the balanced power using the ESS and generator with the schedules shown in Figure 2 . The balanced power is always less than zero, so the critical load is successfully balanced 100% of the time. Figure 4 shows the resulting SOC of the ESS during the week. Figure 5 shows the charging, discharging, and generation schedules for the week. A large negative net load is forecasted during the middle of the days in August (Summer forecast), so the ESS correspondingly performs charging and discharging in the first four days. However, the net load forecast is only slightly negative for a few hours in the middle of the days in September (Fall forecast), so the optimal thing to do (given the chosen parameter values) is to only discharge the ESS and use more power from the generator for the last three days of the week. Given this result, a much larger generator and ESS may be required to balance the critical load for a week in Winter because the PV generation is so small relative to the critical load. Figure 6 shows the net load from the real data for that week and the balanced power using the ESS and generator with the schedules shown in Figure 5 . The balanced power is always less than zero, so the critical load is successfully balanced 100% of the time. Figure 7 shows the resulting SOC of the ESS throughout the week. 
V. CONCLUSIONS AND FUTURE WORK
We proposed a stochastic optimization approach for minimizing the size of a behind-the-meter energy storage system required to balance critical load when operated with a generator and a PV system in islanded operation. The approach utilized forecasts of the stochastic load and PV generation and satisfied a probabilistic load balancing constraint. Using normal distributions for the forecasting errors, the probabilistic constraint was reformulated as a linear inequality constraint, and the optimization problem was solved as a linear program. We also presented a case study balancing the critical load of a water treatment plant for one week. A reasonably-sized energy storage system, when optimally scheduled with the generator, successfully balanced the critical load with naive forecasts of the stochastic load and PV generation. As expected, an energy storage system with smaller energy capacity may be used in times of the year when the PV generation is higher relative to the critical load, such as in Spring and Summer.
In future work, the performance of several forecasting methods will be compared. Furthermore, grid connected operation will be considered that will include cost and price considerations when procuring and operating multiple behindthe-meter resources. Finally, optimal control algorithms for dispatch will be considered.
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